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@ General Aspects of Conformal Field Theory
e The conformal group SO(D,2) have finite number of generators :
P,.(translation), M,,, (rotation), D(dilatation) and K, (special conformal)
e Every quantum states in CFTs are labeled by (A, ¢)
e Unitary bound is given by

D

Azifl(forspinO), A > D+ ¢ — 2 (for spin £)

e The critical exponents 7 and v are given by a, =2 —1+% wn¢ a,-0- L.

@ Two-dimensional CFT
e The conformal algebra SO(D, 2) is extended to the Virasoro algebra,

(Lo, L] = (1= m)Loim + 5(0° = M)onimo,  nym € Z

e ‘Solvable’ CFTs : The data of unitary minimal models(p’ = p + 1) :

_._ 6 _((p+1Dr—ps)’—1
clp) =1 p(p+1)’ hra(p) = 4p(p+1)

e p=3: Ising, p=4: tricritical Ising, p =5 : three-state Potts model, - - -
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@ Four-point function from conformal covariance

e Conformal symmetry fix the structure of the correlation functions.
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e Four-point correlation function have two DOF (u, v), for D > 2.
@ Four-point funtion from operator product expansion

e Applying 12/34 channel OPE twice,

—— @) Gl
(300)802) D03)90) ) = Z(fd,d,of% - ﬁ, 6w, v) = Sfpp0) en, (U v)
© 12" %34 *12" %34 ©

Function ga ¢(u, v) is called by conformal block.
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@ The idea of conformal bootstrap program  [Rattazzi Rychkov, Tonni, Vichi 0g]
e Unitarity : A > % — 1 for spin O field, A > D + ¢ — 2 for spin / field.
fs0 > 0.
e Crossing symmetry of the 4-point correlation function

P P N
fl 4k

D

o3 2 Fask o3

e The Bootstrap Equation from Unitarity and Crossing symmetry :

ud VA = Z f¢f¢o(vAgA7g(u, v) — uAgA,g(v7 u))
AZAAZuni:

e The conformal block ga ¢(u, v) is determined from the conformal Casimir equation.

(cf) Zamolodchikov recursive relation.) [Kos, Simmons-Duffin, Poland 13]

e Apply linear functional to the bootstrap equation — Semi-definite Programming
[Simmons-Duffin, Poland 11]
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@ Two(Lg, Lt1)- and Three-dimensional Numerical Results
e The numerical results of two-dimensional (Left) and three-dimensional (Right)

conformal bootstrap are given by,
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[Rychkov 11] [EI-Showk, Paulos, Poland, Rychkov, Simmons-Duffin, Vichi 12]

e The kink appears on the numerical bounds. One can read its coordinate (Ay, Ay2),
they indeed agree with the result of e-expansion @ Borel resummation!

] FOr com parison(3D)’ [El-Showk, Paulos, Poland, Rychkov, Simmons-Duffin, Vichi 14]

Critical exponent | = expansion(1998) | Monte-Carlo(2010) | Bootstrap(2014)

n 0.03650(500) 0.03627(10) 0.03631(3)
v 0.63050(250) 0.63002(10) 0.62999(5)

@ Some Questions
e Numerical bootstrap with Virasoro algebra?
e Three-dimensional version of minimal theory?

e AdS/CFT for tiny cosmological constant. Large gapped CFT?
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@ State counting of Virasoro descendants
e The Virasoro descendants are generated by L_, and L_,(n > 2)).
e Start from the Vacuum, we have,

|Q), Lo|Q), L_3|Q), [2,|Q), L4|Q), Lol 5|Q), L_s|Q), -

e Their contributions are counted by

Zvac - ’ qiTC4 (1 — q) ‘2
n(7)

x1,1(7)

=g #(1+q" +’ +29" +2¢° +---)
e To complete modular invariance, we need additional contributions.
For example, the partition function of Ising model (¢ = %)

Zp-3(1,7) = ()P + () + [xaa(r)
—r —— Y

! o €

For three-state Potts model(c = 2),
Zps(,7) = [x21(7) + x24(7) " + [x22(7) + x23(7) " + 2|xs.3(7) | + 2[xz.a(7)I?
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@ The pure quantum gravity in AdS;
e The Eintein-Hilbert action of the pure quantum gravity in AdSs is,

1 s 2
1= 167rG/dX\/§(R+ Iz )

~

A<O

@ The Chern-Simons description (witten 07)
e The pure gravity in AdSs is perturbatively equivalent to the two copies of

Chern-Simons theory.

I“:i/Tr(AAdA+3AAAAA>
47 3

ki + kr
2

CS CS
(I8 = I8°) + (ke — kR)i(IL ;IR )

T = kI +keIg® =
e Brown-Henneaux computed central charge ¢ = % for the case of ki — kr = 0.

e Combining with k; + kr = &=, k = k; = kg =

et Therefore, ¢ = ¢, = cr = 24k.

£
166 -
@ Holomorphic Factorization (witten, Maloney 07]

e In this work, we assumed the pure gravity in AdS3 admit holomorphic factorization.

o We will focus one copy of them. (i.e., h € Z and h=0.)
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@ The pure quantum gravity in AdS3
e The Eintein-Hilbert action of the pure quantum gravity in AdSs is,

_ 1 3 2
*167rc/dxf R+ Z )

/\<0

@ The Chern-Simons description witen 07
e The pure gravity in AdSs is perturbatively equivalent to the two copies of
Chern-Simons theory.

st [n A/\dAJrgA/\A/\A
4 3

ki+ke, 1 [ 3 2  \(ZP+TR)
! (Q/dxﬂm@)mh k) LI

T = kIS + krIS° =

for the case of ki — kg = 0.

e Brown-Henneaux computed central charge B =
k=k =kr= LG Therefore, c = c, = cr = 24k.

e Combining with k. + kr = BG,

@ Holomorphic Factorization (witten, Maloney 07]
e In this work, we assumed the pure gravity in AdS; admit holomorphic factorization.

o We will focus one copy of them. (i.e., h € Z and h=0.)
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@ BTZ blackhole and primary state (witten 07]
e The mass, spin and entropy of BTZ black hole(classically) are given by

M = (Lo + I:o), J=1Ly— [o, SL,R =47/ kL7RLo

S|

It is natural to take Lo > 1 (Lo=0, the classical entropy vanish).
e Therefore, the full partition function have the form of

_ «(1-9q)

O(q) is completely determined from the Virasoro descendants.

e They are called by primary states, correspond to the BTZ black holes.
o We call Extremal Conformal Field Theory when h;, — hyac = k + 1.

@ k =1 construction [Frenkel, Lepowsky, Meurman 84]
e 71 CFTs : 70 with Kac-Moody @ 1 without Kac-Moody  [scheliekens 92]

1728E;
3 2
E}—EZ

e The modular invariant Klein j-function j = is the unique partition function

Zier = j — 744 = g~ + 196884 214 2y
1 =j — 7 q ' +196884 g + 93760 ¢° +

196883+1 21296876+196883+1
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@ Holography of the three-dimensional pure quantum gravity
e ¢ > 25 : Debates on the Iarge k Extremal CFTs. [Gaberdiel 07] [Gaiotto 08] [lizuka, Tanaka, Terashima 15]

e c <1: p> 4 minimal do not admit the consistent pure quantum gravity.
[Castro, Gaberdiel, Hartman, Maloney, Volpato 11]

@ Moving to two-dimensional CFT
e The conformal block is replaced by Virasoro block. [Zamelodchikov 86]

F(c, hg, ho;z) = [2(1 — 2)] 5t —2hg [16 g(2)] h07%193 (a(2)) 5t —16hy H(c, hy, ho; z)

The function H(c, hg, ho; z) is obtained by recursive relation.

)™ Rm,n(c he)
ho — hm,n(c)

(16
H(e, o hoa(z)) =1+ 37 109C H(e, g, hm.n(c) + mn, q(2)) .

m,n>1

e The Bootstrap Equation from Unitarity and Crossing symmetry :

0="> fiso(F(c hs,hoiz) = F(c, hs, hoi 1 — 2))
h

e We examined four-point correlation function of lowest primary operator, namely

hg = k + 1. c = 24k, therefore our input parameters are k and ho.
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@ Numerical result of ECFTs conformal bootstrap

haap

T gk

10 15 20

14 16 18 20 22 24

® hg.p is adjustable parameter. This means conformal weight of the lowest primary.
For extremal CFTs, hgap = k + 1. (Red line in this plot)

e When k > 20, the red line do not included in the shaded region.

e This suggests ECFTs with k > 20 cannot be consistent with bootstrap equation.

e Under the assumption of holomorphic factorization, this may suggests non-existence

of the pure quantum gravity in AdSs.
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@ Conclusion and Outlook
e The two-dimensional extremal conformal field theories are a candidate for the
boundary CFTs of the pure quantum gravity in AdSs.
e With the constraint hgap, = k + 1, the numerical bootstrap suggest no consistent
quantum theory at weakly curved limit.
e Our conclusion is based on the holomorphic factorization.
e Can we relax the assumption of holomorphic factorization?
e Supersymmetric extension of extremal CFTs? [Harrison 16]
e |s there two-dimensional large-gapped CFT? Or, higher dimensional large-gapped
CFT? And its relation to the quantum gravity?

Thank you for paying attention!
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